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. We analyze a class of 5D models where a 3 brane is generated by a bulk scalar field non minimally 

' coupled to gravity. We show that perturbative stability of such branes is normally guaranteed al- 

I though non minimal couplings are not innocuous in general. After the physical states are identified 

■ the linearized equations for propagating modes are evaluated into a Schrodinger form and super- 
^ ' symmetric quantum mechanics provides the absence of tachyons. The spectrum contains a tower of 
^ ' spin 2 and spin fields with continuous masses starting from zero ones. For regular geometries the 

, scalar spectrum contains a state with zero mass which is always non normalizable. The propagating 

■ massive scalar states are repelled off the brane due to a centrifugal potential. 

m 

PACS numbers: 04.50.Cd,11.15.Ex 



, I. INTRODUCTION AND MOTIVATIONS 

r^, ' Brane worlds [H-[3] open a way to understand a number of long-standing problems in particle 
phy sics such as fermion mass hierarchy and the smallness of cosmological constant (see reviews 
12] )• The branes themselves may exhibit their specific excitations - branons which contribute into 
' the discovery potential of high-energy colliders [13 . 



> 



O 



■ Theoretically brane worlds could well be created spontaneously if the bulk in extra dimensions 
is filled not only by gravity but also by primordial or composite 3] scalar matter self- 

interacting so that its condensation breaks the translational invariance (in the form of a kink for 
one extra dimension). Such a configuration is essential also to trigger localization of fermions [H 



and possibly of other matter fields [ly, Il7|, Il9|, |20]. In the absence of gravity the latter localization 



holds perfectly also for scalar fields in the Goldstone boson sector related to spontaneous breaking 
of translational invariance . When matter induced gravity affects the geometry in the bulk, the 
^ ' scalar Goldstone mode mix strongly with scalar components of multi-dimensional gravity and can 
^ ■ be removed by a gauge choice The physical scalar zero- mode fluctuation apparently disappears 
from the particle phenomenology. 

The latter mechanism has been analyzed in spontaneously generated brane worlds with minimal 
gravitational interaction. However if both gravity and scalar flelds $ are induced by more fun- 
damental matter fields then at low energies, from vacuum polarization effects, one recovers also a 
non-minimal interaction between space-time curvature R and scalar fields . This is a purpose 

of our work to examine the particle spectrum in interplay of gravity and a bulk scalar field, in the 
case of the above non-minimal interaction, when a brane world is generated spontaneously. We 
analyze the perturbative stability against quantum fiuctuations, i.e. the absence of tachyons in the 
spectrum, as well as the phenomenon of (de) localization of light particles on a brane. 
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One can find that such a term is not in general innocuous. We show that in the case of constant 
scalar configurations such a term generally causes instability of the scalar field. Contrary to the 
previous case, a non minimally coupled scalar matter may be perturbatively stable if its vacuum 
configuration is non trivial. We prove this in the particular case of brane world scenarios. 

It seems to be possible to use the well established perturbative stability of the ^ = system 21|. 2^ 



and make a conformal transformation to eliminate the ^ term from the action. Doing this, however, 
we introduce non analytical interactions for the scalar field. Since the theorem for the perturbative 
equivalence of the on-shell S-matrix is rigorously proved only in the case of analytic change of field 
variables, we believe that the most trustable way to face the problem is by showing explicitly the 
positivity of the spectrum. 
The paper is organized as follows. 

In section II we introduce our notation and the equations of motion (EOM) for general scalar and 
gravitational backgrounds. We briefly discuss the effect of the non minimal coupling for the case of 
constant scalar configurations and introduce the ansatz for the brane configuration. 

In section III the linear gauge invariance is analyzed. The quadratic action in the oscillations 
around the background is constructed by invoking the gauge symmetry. As its consequence not all 
linear equations derived are independent. 

In section IV the decoupling procedure for the quadratic action is performed. We show that 
the gravitational field can be decoupled from the scalar oscillations after a field redefinition. Two 
different gauges are then chosen to simplify the analysis of the decoupled system, one of which is 
very convenient to study the spectrum. 

In section V we discuss the spectrum of the brane scenario. This is composed by a tower of 
massive spin 2 fields (gravitons) and a tower of spin fields (branons), as expected. We show that 
both spectra are determined completely by a single function of the warped factor and of the scalar 
v.e.v. The sign of this function determines the positivity of the kinetic and mass terms for both 
subsystems. The linearized equations are converted into a Schrodinger form and the localization of 
wavefunctions is discussed. 

II. NOTATIONS AND EOM 

We assume the 5D action to have the form: 

I[g,<l>] = Jd'X C{g,<!>), (1) 

with 

C = ^\{-M^R + Oa^OH - + ^m^} . (2) 

A cosmological constant can be considered as englobed into the scalar potential V. 

The 5D coordinates are denoted by = (x^, z), with Greek indices /x, z/, . . . = 0, 1, 2, 3 and Latin 
indices A, B, . . . = 0,1, 2, 3, 5. 

The equations of motion (EOM) are: 

Rab - -9abR = 'Jp'^^^ (3) 



3 



where = DcD^ and Dc is a covariant derivative. The energy momentum tensor reads 



Tab = dA^dB^ - \gAB (5c<f 5^<f - V{^)) (4) 

+ e [Rab - \gABR + 9abD^Dc - DaDb^ $ 

The presence of a non minimal couphng governed by the parameter ^ may cause destabihzation of 
scalar configurations [2^. This is a general characteristic of constant scalar backgrounds and does 
not depend on the specific geometry of space-time. To see this we make the trace of the Einstein 
equation to find the scalar curvature. Substituting it in the EOM for the scalar field we can find it 
in full generality as: 

D'^ = -U^^f (5) 

with 





(1 + 


2-d ) 


1 <l>,^<l>'^ 


-M3 + (1 + 


1 



jjt _ 2^ * ■ ^ /■ ■ 2-d ' ^ V ' 2-d ) /^x 



with d being the dimensionality of space-time and V denoting the derivative with respect to the 
scalar field. The effective potential t/g// determines the stability of a scalar configuration although 
it does not correspond to its physical energy. 

The existence of a global minimum for [/e// requires this function to grow {U'eff > 0) in the limit 
$ +00. For a constant solution 

If we assume V cx A*!*" with A > and n > 2d/{d — 2) then the numerator is always a positive 
quantity. A necessary condition for having a global minimum is therefore 1 + > 0. For d = 5 

we get the condition 1 — > 0. 

In the case of non trivial scalar configurations the above method cannot be straightforwardly 
applied since the stability is controlled by a functional. 

Let's limit ourselves to the study of background solutions which don't spontaneously break the 4D 
Poincare invariance and take qab = A'^{z)vab, with t/ab = diag{l, —1,-1,— 1,-1), and $ = ^{z). 
The equations of motion in terms of this ansatz read 

— - V{<l>) j + 6AA'^ [~M^ + ^$2) + A^A'A'i't'^y = 0, (8) 




^A^ (5 ^ ^^*^) ^'^') ^ 2^A''A'{^^y + ^A%^y = 0, 



(9) 



2 [a^<I>')' -A^— + (iG^A^A" + 8CAA'2) $ = (10) 

where from now on /' = df /dz. 

Since we have three equations for two unknown functions, one of the above conditions must be 
redundant. This is a consequence of gauge invariance and can be seen explicitly by subtracting ([9]) 
from ([8]) to derive an expression for the potential. Differentiating it one can recover ffTOj) . 

We select out the solutions with a definite parity in the fifth direction in respect to z = 0, i.e. the 
potential V{^) is Z2 symmetric. 
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III. QUADRATIC ACTION 

By construction, the action ([1]) is invariant under general diffeomorphisms. Because the space- 
time variable X is a dummy variable the symmetry can be seen as an invariance of the action under 
appropriate transformations of the fields. This transformation is the Lie derivative along an arbitrary 
vector defined by the coordinate transformation X X = X + C(^)- To the first order one 
finds: 

~gAB{X) = gABiX) - C5 gcBiX) - (% gAc{X) - gAB,c{X) + O(C') (11) 
= gAB{X)-U,B-UA + 0{e) 

where ';' denotes the covariant derivative. 

Let's consider the general case of non trivial backgrounds cjAsiX) and define the fluctuating field 
hAB{.X) as follows: 

gAB{X)=gAB{X) + hAB{X). (12) 

The Lie derivative acting on hAB{X) is highly non linear and maybe expanded in powers of C,,h. 
Since the action of our interest is up to quadratic order in the fluctuations, we confine ourselves to 
the leading order: 

hAB{X) = hAB{X) - Ca;B - Cb;A + 0(C^ K) (13) 

where now the ';' denotes the covariant derivative with respect to the background gAsiX). 

The same line of reasoning applies to general tensors. We take the fluctuations around the solution 
of the EOM to be: 

gAB{X) = A\z) {r]AB + hAsiX)) ; $(X) = $(^) + 0(X). (14) 

Since the 4D symmetry is unbroken we adopt the 4D notation h^^ = v^, h^^ = S. Introducing the 
notation (a, with = A^^^ and = ^Cs convenience we can express our gauge symmetry as 
follows 

. 2 A' - \ 

h^u h^^ - U^^y + Cu4i - -j^Vtiu Cb 1 (15) 



s ^ s--a 



2 

A' 
~A' 



Notice that these transformations are exact up to 0(C^, /i^, hQ terms (where h stands for an arbitrary 
fluctuation). The symmetry transformations leaving the solution Hab = (f) = unchanged are the 
isometries of the background metric. It is easy to see that they are restricted to the 4D Poincare 
group. This fact justifies our decomposition of the fields under 5*0(1,3) representations. 

After gauging, the unbroken 4D Poincare group implies the existence of a 4D massless spin 2 field 
which has to be identified as a graviton. From the above gauge transformations we expect this state 
to be described by 2;- independent fluctuations of h^^. This is intuitively understood since the 4D 
space is flat and this field actually describes the space-time dependent fluctuations of rjf^u- 



5 



Since the translations along z are spontaneously broken a Goldstone boson (GB) must appear. 
We expect only one scalar state because the Lorentz rotations orthogonal to z, though sponta- 
neously broken, don't act independently on the vacuum and therefore don't generate additional 
massless states [22]. As usual, the GB can be identified as the space-time dependent coordinate 
C,^{x) = A(5{x,z), where the 4D dependence ensures that its propagation is confined to the unbro- 
ken directions. However, due to the gauge nature of the symmetry, the GB is locally gauge equivalent 
to the zero solution, therefore it is not a physical state and must be rotated away. 

We will show in the next section that once the gauge symmetry is completely fixed (the GB has 
been absorbed) the propagating fields will describe a tower of spin 2 and spin particles. 

A. Quadratic action 

We now expand the action in Taylor series up to quadratic order in field fiuctuations. As already 
discussed, its gauge invariance at leading order in ( also depends on the higher order terms in the 
fluctuations. At the second order in fiuctuations we can get rid of the latter ones by simply imposing 
the equations of motion. 

The transformations (1151) can help to eliminate gauge degrees of freedom [2^ . To simplify the 
direct calculations as much as possible we adopt the gauge S' = f ^ = and explicitly calculate the 
quadratic lagrangian ([2]) using the formulas in Appendix A (see also ^]). For a further convenience 
we write it as a sum of two pieces: 

C^2)iv^ = S = 0)=Ch + C^, (16) 

where 

^ A' (-Ml + [-\ Kp^uh^^^" - \ + \ h^^hl^p + \ (17) 

and 

^ A\,r - A^'- - \ A^^($)0^ (18) 

+ [a^^' + S^A^A'^) + 2iA^^ (h^^^^ - + h") (j). 

The commas denote partial derivatives and all indices are raised up with the Minkowski fiat metric. 
In particular, h = h^yT]^^ . 

We can construct the quadratic action in an arbitrary gauge by invoking gauge invariance and 
using the iterative procedure we now present. The linear terms in the vector field can be evaluated 
as follows. After a gauge transformation defined by C,^{x,z) the fields h^y and are changed in 
such a way that: 

It is easy to see that this condition is satisfied for any C,^ only if: 

^^{v, = S = Q) = A'{-Ml + e<f ^) - h,)' (20) 
+ (2^3$' + 16^^^^'$) 0,^ - 4^(A3$0^^)'. 
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An analogous procedure is applicable when we perform a gauge transformation defined by (^{x, z). 
In this case the variation with respect to S can be derived if we take into account the transformation 
of (p, too. One gets, 



^{v, = S = 0) = A' (-Ml + (Z^:;. - hi) - \ [a' {-Ml + ^$2))' h' (21) 



+ {A^^'cj))' - 2A^^'(t)' + 2^A^$0'^; - %i{A^A'^(t))' 



+ {IQ^A^A" + SiAA''^ 

The quadratic part in 5* is obtained by requiring that the linear terms in S automatically cancel 
under a gauge transformation. This is satisfied if and only if the full quadratic action for the S field 
in the v^ = Q gauge is, 

Cs = -\a'VS^ + ^^{v, = S = 0)S. (22) 

With the inclusion of £5 to the quadratic action, the first derivative in receives additional con- 
tributions. Repeating the procedure outlined we find, 

^^{v, = 0) = A\-Ml + e«f ^) - h,y (23) 
+ (2^3$' + IG^A^A'^) 0,^ - 4^(A3$0,^)' 
- A%-Ml + ^<l>')]' S,^. 
From this latter we derive the quadratic action in v^: 

Ly ^ iyl^ [-Ml + v^^v^^ + ^{v^ = 0)^;^ (24) 

where v^^ = v^^^ - v^^^. 
The full action to the quadratic order represents finally the sum of (fT7|) . (fTSll . (122|) and (12^ . 

£(2) = A + + £5 + -^^y- (25) 

This result can be explicitly checked exploiting the formulas in Appendix A, but we stress that 
its form is completely fixed by gauge invariance. As we have seen, gauge invariance implies that 
the linearized equations are not all independent. This point will be very useful when solving the 
coupled mass eigenvalue equations. It is also important to emphasize that the gauge conditions can 
be imposed already at the lagrangian level if the secondary constraints are also taken into account. 



IV. DECOUPLING 



The physical spectrum can be identified after the system being completely decoupled. It can be 
achieved by a redefinition of the gravitational field. We will see that the particle spectrum of these 
models comprise a tower of spin and spin 2 fields. 

To unravel completely the quadratic action one has to shift h^y by a special solution of its equation 
of motion, 

1^3 (-Ml + { Kp^^ - h'l^^^p - hf^^^ + h^p + r^^ph^;:^ - i^^ph'^^ (26) 
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1 r 
2 



9 V 



+ 



Ml 



1/3 - ?7o 



S 



0. 



This solution can be written in terms of two scalars E, and a vector F, 



h 



for = t>^ and: 



(27) 



(2^ 



SV' - -^S - -(EE'Y + 2£A-^$(/) = 
where the convenient notation E = A^ {—M^ + ^$^) has been introduced. The first (second) condi- 



tion follows from the off diagonal (diagonal) terms of equation 
Substituting the redefined tensor field in (1251) one can rewrite the lagrangian as the sum of a 



tensorial contribution (Cgrav) and an action containing the scalar fields S,(f),E,ip and f^. Because 
of the above constraints fl28l) only two scalars out of four are independent and, making use of the 
gauge freedom defined by C5, we conclude that only one of them actually describes a propagating 
degree of freedom. The vector is a C^-gauge variable and can be rotated away. 

After the decoupling conditions are imposed we can choose an arbitrary gauge to simplify the 
analysis of the spectrum. In the light-cone gauge the result should agree with [26|. Here we decide to 
work with f ^ = 0. This choice leaves a residual freedom parametrized by ^5 and with ^C^+Cs,/^ = 0^ 
see f lT5|) . 

Now let's examine two simple Cs-gauge choices. The first one is defined by setting S to be an 
appropriate function of which implies ip = 0. In this case the physical branon is given by a field 
and the analysis of the constant $ solutions turns out to be easy. To study the non trivial v.e.v. 
case (brane solutions) the most convenient choice is = 0. In this case the branon field is described 
by ijj. 



A. General scalar background in i/; = gauge 

Setting -0 = we can interpret the second equation (l28l) as a gauge choice on S. The conditions (l28l) 
define S and E as non local functions of 0. The physical branon turns out to be described by 0. 

By inserting our shifted tensor field in the quadratic action the linear terms in the physical are 
canceled by construction. Moreover, all contributions containing the field E automatically cancel 
because of the above conditions (1281) . The quadratic action can therefore be written as the sum of 
the graviton contribution plus a scalar part describing the physical branon: 

= {-Ml + [~ /ia/3,./i"^'" - ^ /ij^a + ^ /^X<;3 + \ hah'''^ (29) 

+ A'{-Ml + ^^') {\K.h'^'^-\h''] 

and 

Ctran = ^^0,^0''^ " ^^0'' - ^ ^'^(*)0' + (8^^'^" + mA")<P' - ^A'V{<!>)S' (30) 

+ {(A3$'0)' - 2A3<I>'0' + 2eA3$0;|; - 8^(A2A'$0)' + {IG^A^A" + 8^AA'2)$0} S. 
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The residual gauge invariance defined by = will be fixed in the next section. 

The gravitational field is now completely decoupled from the scalar degrees of freedom. Expressing 
S in terms of the field and integrating by parts we get: 



The explicit expressions are rather complicated and read: 

2e 



(31) 



(32) 



and 



A' 



(33) 



— [(1 - 20$' + 2^i7$] I - [(1 - 20$' + 2^i7$] - 24^i/2$ - IQ^H^' \ 



+ 2^^;^$ [(1 - 2e)$' + 2CH^ - e-^<f 



;i - 20$'^ - 8^^H^<^^ + (10^ - 32^2)i7$$' 



In the above definitions the expression V denotes the variation with respect to the field $. The 
quantities H = A' /A and E = A^ + ^$2) have been used for brevity and the relation S" = A^V 

has also been employed. 
Rescaling the field = A^^^^"^ we obtain the standard form: 



bran 



with 



4^2 2 A 



(34) 



(35) 



The stability of the configuration is not manifest and will be analyzed later on. For the moment 
we study two simple limits of the potential: the case ^ = and $' = 0. 
For ^ = we have A^ ^ A'^,E ^ -M'^A^ and 



A-'U A-" i -A'V 



2t/// 



1 



^2"" ■ 3ifM3 
Making use of the EOM we get: 

U 



3 HM^ 



3^3 



IT' ~ 2H 



(36) 



(37) 



This result agrees with [21| . In the next section we will derive the generalization of this expression 
for the case of arbitrary ^. 

Although physically less interesting, the case $' = reveals some general feature. We make use 
of the approximation ^ ]\^3 ^.^ gimplify the result. It is then straightforward to evaluate the 
potential: 
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A sufficient condition for stability is that $ be a local minimum of the potential V and ^ < 3/16. 
For ^ sufficiently large we see that the flat geometry A' = is favored. This represents the local 
version of the result obtained in section II. 



B. Non-trivial scalar background in = gauge 

We now turn to the study of the physical spectrum. A simple check in the EOM reveals two 
possible solutions for the scalar v.e.v.: a trivial one and a non trivial one. The latter condition in 
particular requires that <!>' = only in isolated points. The gauge = can be satisfied almost 
everywhere. We now show that the propagating graviton field is described by ip. 

By inserting our shifted tensor field and setting = 0, the action simplifies considerably and can 
be written as the sum of the graviton contribution plus a scalar part: 

^(2)iy^ = (j) = = Ch + C-S = l^grav + l^hran (39) 

where 



l^,ra. = H |-1 h^p^^h-^'-^ - \ hT^^h^ + 1 h%^h% + 1 h^h'-^ (40) 
1 1 



and 



C,ran = ^^t^t' - 32^^'^ + ^Et^^S - 2E'^'S - ^-E"S'. (41) 

The first two terms in the latter expression come from the quadratic part in the tensor field (Ch) 
while the last three from the terms linear in S (Cs). The identity E" = A^V has also been used. 

Expressing S in terms of the derivative of the field ip, exploiting (128!) and integrating by parts in 
the 4D variables we get: 

C,ran = ^^{^,^.t^-^'^} (42) 

where 




^ =-32 + 7^ = ^Mo^ -3SkA^l^ . (43) 



In the last equality the EOM have been employed. 

By studying the linearized equations in the = gauge one can actually find a decoupled condition 
for S and realize that its solution is a divergent function. In our notation its divergence can be traced 
back to the relation 5* ~ Eip'/E' following from (l28ll . Since the physical state ■0 is delta function 
normalizable, S will diverge as 1/if ~ ^ for asyrnptotically constant scalar configurations. The field 
S cannot be projected out, as it was assumed in |28|], because it is not an independent configuration. 
Therefore the conclusion of \28] on the necessity of having conformal matter on the brane is not well 
justified. 

Introducing the rescaled field ip = f2^^\E' we obtain: 

Cbran = - " (44) 

where 

U=-i- (45) 
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is forced by gauge invariance to coincide with (l35l) . It is easy to verify it in the case ^ = {Cl ^ Q) 
while for the case $' = is not trivial. 

C. Note 

In order to better understand the above results we briefly discuss the degrees of freedom involved. 
It is convenient to decompose the 15 gravitational fields in terms of its traceless-transverse tensor, 
vectors and scalar components: 

h^u = b^u + ff,,u + fu,f, + E^^^ + (46) 

where h^y and satisfy = b = = f^. The h^A fields are still denoted as and S. 

Substituting this form in the full quadratic action one can recognize and E as auxiliary fields. 
E is in fact a Lagrange multiplier and gives rise to a constraint which is the second equation of fl28|) . 



Gauge invariance requires this latter to be equivalent to the condition -^{vy = 0) = 0, indicating 
that the graviphoton appears in the quadratic action only via its kinetic term. The vector turns 
out not to be coupled to any field. Its integration does not lead to interesting relations and we will 
simply ignore it in this discussion. 

The above mentioned constraint is of extreme importance because it involves the three scalars S 
and (f) implying that only two of them are independent. Since the field S contains no kinetic term 
while if) does, it may be natural to choose if) and as the independent variables. The initial 15 + 
1 scalar degrees of freedom are now reduced to a traceless and transverse field b^^, a vector and 
two scalars ip^cp. 

The physical degrees of freedom can be identified after the gauge is completely fixed. For a non 
compact extra dimension the vector field f ^ can be completely gauged away by an appropriate choice 
of C^. The residual gauge symmetry depends on ^5 and acts on the independent scalar components 

as 

2A' 

^ ^ + ^C5 (47) 
. $' 

A gauge dependent combination of ip and can then be eaten and the orthogonal combination can 
be chosen to be the gauge invariant field 

vI/oc^-^T^. (48) 



This is the natural candidate to describe the physical branon [2l[. In the previous subsections we 



have shown the explicit form of the quadratic action for this field. 

V. EIGENSTATES 
A. Spin 2 fields 

S determines the sign of the quadratic Hamiltonian for both branons and gravitons. In order 
to have a positive definite quadratic energy we require S < 0. The opposite sign may indicate a 
breaking of our semiclassical analysis and it would necessitate a quantum gravity justification. We 
therefore assume from here on that <^ M^. 
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Introducing the rescaled field h^i^ = {—'E)~^^'^\^b^^ we obtain: 

^grav = \ + fef/^," " ' \ bab''' (49) 

- [l Kb"-" + Wb,.b^-^) - \ {b'^ + Wb^") } 

with 

W = -^--^ = K'-K', K = --^. (50) 

The action can be put in standard form if we define 

6^.(X) = ^6(-)(x)6„(^) (51) 

m 

where the wavefunctions bm{z) satisfy the eigenvalue equation 

-bl + Wb^ = i-d, + K){d, + K)hm = m%m (52) 

j dzbfyjj^i Sm,rn' 1 

with manifestly positive masses. 
The zero mode is: 

boiz) = C(i)S(.) V2 + C(,)S(.)V2 J' (53) 

and it is a physical state if its wave function is normalizable. In the semi-classical approximation 
-C we can analyze the convergence by studying the regularity and the asymptotic behavior 
of A^. It is easy to see that the integral fl52|) can be convergent only if one of the two constants C(i 2) 
is zero. 

In the above basis the 5D bulk dynamics can be integrated leaving an effective 4D action describing 
a tower of spin 2 massive states whose quadratic action reads: 

-"^{b^-KA^r-hm)')]- 

As already discussed, the propagating fields are transverse-traceless as appropriate for massive spin 
2 states. The remnant gauge freedom acting on it as 6°^ 6°^ — C,^^y — (^^^ with = represents 

the usual gauge symmetry of the 4D graviton field. It is defined by a transverse C/^(x) satisfying the 
free scalar field EOM. This is exactly what is needed in order to further reduce the d.o.f. of the 
on-shell graviton by three units. 

B. Spin fields 



The lagrangian describing the spin field is: 



(55) 
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where 



U='-L = J^-J\ J=-±. (56) 



This result explicitly shows the positivity of the scalar spectrum. 
We expand ^ in an appropriate basis: 

M/(X) = ^^(-)(a;)vi/^(z) (57) 

m 

with 

-^l + U-^m = {-d, + J){d, + J)*„. = m^m^ (58) 



The lightest state is the zero mode: 

^o(^) = ^(1)^ + D(2)^ r dz'l- (59) 

Again, the integration constants D(i),i5(2) cannot be both different from zero. One can easily see 
from the EOM that the asymptotic form of Vt is the same as that of A^^"^ . We conclude that once 
the graviton solution has been chosen (C(i) = or C(2) = 0) the scalar zero mode with a well defined 
limit at infinity is unique (-D(i) = or D(2) = 0). But, in fact, the two solutions Di^2 cannot satisfy 
simultaneously the convergence at zero and infinity, each of them can satisfy one of the requirements 
if a smooth limit for A{z) is required. To see this we follow 2^ and expand our solution near z = 0: 



A=l + az'^ + --- (60) 
$ = 6 + cz^ H 

where (3 > guarantees a smooth z = limit for the graviton wavefunction. Imposing the EOM 
we find a = 2f3 and Cl"^ ~ l/z°'. The mode (l59l) is singular at the origin and must be projected out 
from the dynamics of the model. The absence of the scalar zero mode was first noticed in [2l| (see 
also [3^). 

In order to determine the existence of a mass gap we have to study the asymptotics of A^ ^ Cl"^. 



We again follow [29j and notice that, for any power law A ~ z~"' with 7 > 0, the scalar potential 
is U ~ 1/z^ and the spectrum turns out to be a continuous starting at zero. For an exponential 
behavior of A we may have a mass gap. A reasoning to fix the asymptotics of the warp factor ma y b e 
the requirement of having non singular curvature invariants at any point in the fifth dimension |29| . 
Assuming this, one has to rule out exponentially varying A{z) and confine the study to power laws. 
The spectrum which follows is continuous and ranges from zero to infinity. 

The massive states behave as a linear combination of regular and irregular Bessel's functions at 
infinity. Near the origin the potential effectively acts as a repulsive centrifugal force U ~ lJ^ j 
expelling the wavefunctions of the massive spectrum. They behave like regular Bessel's functions on 
the brane. This delocalization effect is valid for any value of the 5D Planck scale, namely V does 
not depend on M^. 



VI. CONCLUSIONS 



We have shown that the brane solutions generated by a non trivial scalar configuration remain 
stable after the inclusion of the non-minimal coupling, for any ^. This is contrary to what 
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happens for trivial scalar backgrounds, where a general ^ determines unboundedness of the effective 
potential felt by the scalar field. 

The quadratic action for the model has been constructed by imposing gauge invariance. The 
non trivial scalar v.e.v. together with the non minimal coupling generate a mixing between the 
fundamental scalar and the scalar components of the metric. A judicious choice of gauge can simplify 
the decoupling and the analysis of the spectrum. For non-trivial backgrounds only, we can find a 
reference frame in which the excitation of the fundamental scalar is absent and where the role of the 
physical branon is taken by a conformal scalar component of the 4D excitations of the metric. The 
55 component is never a physical state. 

The spectrum contains a tower of massive spin 2 (gravitons) and spin (branons) fields. The 
normalizabihty and absence of a mass gap for the fields depends on the assumption of asymptotic AdS 
(plus regularity in the case of the branon) . The graviton spectrum is always continuous and possesses 
a normalizable zero mode. For regular geometries the scalar excitations also form a continuous 
ranging from zero to infinity but the zero mode is never normalizable and must be projected out. 
The physical massive scalar states are repelled off the origin and cannot be relevant for the localized 
4D particle dynamics. 
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APPENDIX A: EINSTEIN-HILBERT LAGRANGIAN 

We consider a conformally flat space with D dimensions and write the metric as 

gAB{X) = A\X) [r^AB + hAB{X)\ (Al) 

where the warp factor A{X) is chosen to depend on all coordinates for convenience. The inverse 
metric and the determinant up to quadratic order in the fluctuations are 



= \ri^^ - h^^ + h^'^hc'' + ...]; (A2) 



1 + -^h^^'hAB + . . . 



All indexes are raised by the five dimensional fiat metric tiabi so that h = hABV^^ fo^ example. To 
avoid misunderstanding, notice that throughout the text we used a four dimensional representation 
of the gravitational field in terms of hni,,Vn,S. Therefore, the 4D trace appearing in the text is 
actually hniyf]'^'' and differs from the one in the Appendix because of the S field. 

Armed with the above formulas one can prove that the Einstein-Hilbert term ^/gR can be written, 
up to quadratic order in the fluctuations, as 

A'-^V^R = -2iD-l)^-{D-l){D-4)^:^ + 2{D-l)^h^^ 

+ (D-1)(D- 4)^^^/^^^ _ (L, _ 1)^/, + 2(D - l)^/i^V 
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-h + h^^ EF - h' 



iD-l)^hE-l{D-l)iD-A) 
2{D - l)^h^V -{D-1){D- A)^^h^V + {D- l)^h^^hEF, 



+ (D- l)^h^^h + ^{D -1){D- A)^^h^^h +{D- l)^h^^,Eh 



D-IA 



A 



-h ph 



D-lA 



Ei.2 



4 A 8^ ' A^ 



+ 



D-lA 



G i_EF 



A 



1 

4' 



A'^A, 



h^'hEF + -{D - 1){D - AY-^^i^h^^hEF 



+ lhEF,Gh^^''' - \hEF,Gh'''^'^ ' 
+ h^'^hEF + h^'^h^EG 



A^ 

+ h^^ FhE- h^^ E.h^n P--h Eh'^ 



Fli',E 
1, 



G,F — '^'KE' 



2hE^h^'',aF + '^h^^.EFh - \hh%. 



G 



(A3) 



These formulas were first derived in 27 
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